Complete solutions for the diaphanous wedge, by which is meant a wedge with identical wavenumbers inside and outside the wedge, are presented. The results are obtained from an integral equation for the fields on the wedge, which is solved by the Mellin and KantorovichLebedev transforms in the static and dynamic cases, respectively. Pertinent formulations of Gegenbauer's addition theorems play an important part in the derivation of the results, which are presented in closed form.
INTRODUCTION
Although a complete analytic theory for the perfectly conducting wedge has been established by the turn of this century by Macdonald [1] , [2] , the same cannot be said about the dielectric wedge. The reason for this is undoubtably the transmitting capacity of the dielectric wedge, which stands in stark contrast with the exclusively reflecting behavior of the perfectly conducting wedge.
Nevertheless, from a theoretical [3] , [4] and practical-numerical [5] point of view, it is of utmost importance to know the behavior of the fields in the vicinity of the tip of the dielectric wedge.
This knowledge is crucial for the numerical treatment of electromagnetic scattering by polygonal cylinders, especially since the transverse components of the fields may become infinite at the edges, although in a way compatible with the edge condition [6] . In the static case Greenberg [7] showed that the singular behavior could be explained by the introduction of a singularity exponent and in the dynamic case Meixner [8] used a power series expansion for the solution of the problem. Bach Andersen and Solodukhov [9] showed that some of the coefficients in this power series diverge when the wedge angle is a rational multiple of π, thereby proving the Meixner expansion virtually useless [10] . A more promising approach was adopted by Scharstein [11] who provided solutions based on the Mellin transform in the static case.
In this paper we provide the complete solution for the scattering by a diaphanous wedge in the cases of line source and plane wave excitation. A diaphanous [12] p. 490 or isorefractive [13] body is an object with the same wavenumbers inside and outside the body i.e. in µ in = out µ out .
That this is perfectly possible and non-trivial, even for a wedge in free space, is seen if we consider a wedge consisting of a diamagnetic material such that the magnetic and electric susceptibilities satisfy (1 + χ m )(1 + χ e ) = 1. Solving the diaphanous wedge leads to much more insight and hopefully paves the way for the solution of the general dielectric wedge problem. In Section 2 we construct an integral equation for the fields on the wedge in the cases of E and H polarization. In Sections 3 and 4 this integral equation is solved in the Mellin and Kantorovich-Lebedev [12] , [14] domains in the static and dynamic cases, respectively. In the above context, it is interesting to note that the Kantorovich-Lebedev transform can also be used to solve the static image problem for dielectric wedges [15] . In Section 5 we obtain the complete solutions for the dynamic case from the inverse Kantorovich-Lebedev transform.
THE INTEGRAL EQUATIONS
Let the boundary c of the diaphanous wedge S be defined in cylindrical coordinates r, −π ≤ θ ≤ π as |θ| = w, where w = 1 2 Ω with Ω the total wedge angle (see Fig. 1 ). The constitutive parameters inside and outside the wedge are respectively µ − , − and µ + , + . For the wedge to be diaphanous it is required that µ − − = µ + + . Careful application of Green's theorem [16] , [17] , together with the appropriate radiation conditions, leads to the following equations:
and
Here u = E z or H z , depending on the polarization, u i is the incident field, R is the twodimensional position vector and τ = 1 2 except at the tip of the wedge, where τ = Ω/2π. The Green's function, assuming a e jωt harmonic time dependence, is given by
with
The boundary conditions are
or
in the case of E-polarization and
in the case of H-polarization. The other components of the fields are
in the E-wave case and
in the H-wave case. It is seen that we may restrict ourselves to the E-wave case without loss of generality. Substracting (2) from (4) yields
which is an equation for ∂u/∂n+ given u and u i on c. Multiplying (4) by + and (2) by − and substracting the results, yields
which is the equation for the fields on the wedge. The constants η and κ are given by
and κ = 1 − ητ. The obvious solution method is first to solve (16) for the field on the wedge, then (15) for the normal derivative of the field on the wedge and afterwards substituting the obtained results in (1) and (3) in order to obtain the fields everywhere. But there are short-cuts, as will be made clear further on.
The normal derivative of the Green's function (5) is given by
When the observation point R and the integration point r are on the same leg of the wedge, say θ = w, then (18) vanishes. Hence we must split the fields in their symmetric and antisymmetric components with respect to the symmetry axis of the wedge. Also we take R on the leg θ = −w and r on the leg θ = w. With the straightforward notation
Hence equation (16) can be rewritten for the symmetric and antisymmetric components of the fields on the wedge as
where
Since the tip of the wedge is excluded by the principal value 0+ integration bound, we may assume from this point on that
At low frequencies, since
The field equations then become
where ± refers to the symmetric and antisymmetric cases, respectively. If u(r) and u i (r) admit
Mellin transforms U (s) and U i (s)
and inverse transforms
and similarly for U i (s), we can solve (27) in the Mellin-domain
The explicit expression for Φ(s, Ω) is simply [19] p. 297
The resolvent kernel K relating the field u to the incident field u i by u = Ku i on the wedge in the static case is therefore
It is seen that ξ(s, Λ) is an even function with simple real poles m n obtained by solving
which, by inspection, are seen to be the Greenberg [7] , [9] static modi. It should be noted that in general we need two sets of poles: the symmetric poles m n = s n corresponding with +Λ and the antisymmetric poles m n = a n corresponding with −Λ. In both cases ξ(s, Λ) can be expressed as
There remains to find an explicit expression for (33). We have
Taking c = 0 the resolvent kernel K(R, r) is therefore
When R > r the contour can be closed by a semicircle located at infinity to the right of the imaginary axis, yielding
and when r > R the contour can be closed by a semicircle located at infinity to the left of the imaginary axis, yielding
With the standard notation r < = min(r, R) and r > = max(r, R), this can be written compactly
It should be noted that the above derivations remain valid in the static case for the general non-diaphanous wedge, since the wavenumbers inside and outside the wedge both vanish in the static case.
The static solution for a line source excitation using Mellin transforms was also derived in [11] by applying the Mellin transform directly to the Poisson equation. The approach presented here is more general in the sense that it is valid for an arbitrary incident field. The static case described above can be seen as a logical introduction to the dynamic case.
DYNAMIC SOLUTION : THE KANTOROVICH-LEBEDEV TRANSFORM
The Kantorovich-Lebedev transform as advocated by Jones [12] p. 585 is defined as
The inverse transform is given by
Other equivalent forms of this transform pair are given in [20] pp. 150, 398. Equations (45) and (46) imply that the Dirac delta function has the integral representation
Following Felsen [18] p. 325, this can also be written as
From an integral equation formulation of Gegenbauer's addition theorem [19] p. 820 we find that L(R, r) can be written as
sin Ω 2π
ν (kr)dν (50) where P y x is the associated Legendre function. This can be simplified to [20] pp. 2, 172.
Hence the integral equations (22) or (23) can be written as
Since this must be valid for all R > 0, it is required that
It follows that the solution in the Kantorovich-Lebedev domain can be written as
Hence the resolvent kernel is given by
or, for that case, following Jones [12] p. 587
The crux for obtaining (57) is the formula
where p > 0, and the observation that (58) can readily be generalized by replacing the expression between the parentheses in the integral with any odd function Q(ν) having only simple poles. In the limit for k → 0, (57) reduces to the solution (44) for the static case.
Following Sneddon [14] p. 365, the solution in the Kantorovich-Lebedev domain inside the wedge
APPLICATIONS

LINE SOURCE EXCITATION
The geometry for a line source located at r 0 , φ 0 with w ≤ φ 0 ≤ π is as shown in Fig. 2 . The expression for the incident field on the θ = w leg of the wedge is 
The notation in (62) is r <,> = min, max(r, r 0 ) and ∞ n=0+ x n stands for
The factor 1 2 is due to the fact that only half of the residue at the pole ν = 0 has to be taken into account. From (63) we readily obtaiñ
Splitting the incident field in its symmetric and antisymmetric parts yields
Hence the fields in the Kantorovich-Lebedev domain inside the wedge arẽ
It is seen that the relevant poles are s 0 = 0 and the Greenberg poles m n = s n of (69) in the symmetric case, and the Greenberg poles m n = a n of (70) in the antisymmetric case. The fields themselves can be obtained by the inverse transform
Defining the residue functions
the inverse transforms can readily be obtained. We have for the fields inside the wedge
The field at the tip of the wedge is given by
To obtain the fields outside the wedge we consider the Helmholtz source equation
Transforming (77) in the Kantorovich-Lebedev domain by (71), utilizing the delta function expression (47) leads to
Sinceũ(ν, w) is known by (67) and (68) we can solve (78) by taking into account the appropriate jump of ∂ũ(ν, θ)/∂θ at θ = φ 0 and the consideration that the symmetry axis outside the wedge is located at θ = π. Following Scharstein [11] we obtaiñ
for w ≤ θ ≤ φ 0 and
for φ 0 ≤ θ ≤ π. The inverse transforms are readily obtained as
PLANE WAVE EXCITATION
Expressions similar to (74) and (75) can easily be obtained for the case of plane wave incidence by considering the identities [20] p. 70
= e −jkr cos β .
Hence for the plane wave incidence
we obtain for the fields inside the wedge
Outside the wedge we obtain
for φ 0 ≤ θ ≤ π.
DISCUSSION AND NUMERICAL CONSIDERATIONS
As has already been suggested in the introduction, the above derivations show that Meixner's [8] power series expansion method is invalid, i.e. a Taylor series expansion multiplied by one singular factor is not sufficient to describe the fields. This confirms the Bach Andersen and Solodukhov [9] claim, backed up by Scharstein's [11] results in the static case. The reason for this is apparently that Meixner overlooked the fact that all of the Greenberg poles contribute to the solution of the problem, although only the smallest one actually induces singular behavior in the derived fields. Nevertheless the Meixner technique for the obtention of the Greenberg poles is by itself very useful.
It should be noted that there is a huge amount of symmetry present in the Greenberg poles. For if we consider a n and s n as functions of Λ and Ω we can write
The operation Λ ⇐⇒ −Λ corresponds with E-wave vs. H-wave polarization and the operation Ω ⇐⇒ 2π − Ω corresponds with entrant vs. reentrant wedges. Of utmost interest are the smallest non-trivial poles s 1 and a 1 , since singular behavior is induced in the derived fields whenever Summarizing this, we have
For the right-angled wedge Ω = π/2 with Λ > 0 the symmetric poles are given by s 2n = 2n (100)
Note that s n + a n = 2n.
Contours of constant field amplitude |u(r, θ)| are illustrated in Fig. 3 for the case of a rightangled wedge excited by a line source located at r 0 = 1 and φ 0 = π/2. The dielectric constants are related by − = 3 + and k = 5. It is seen that we can infer the jumps of the derived fields across the boundary of the diaphanous wedge.
The above derivations lead to interesting theoretical byproducts. We have actually proved that the set of non-harmonic oscillations 1, cos(s n θ), sin(a n θ) 
taken over a small enough region a ≤ r ≤ a + δ, |θ| ≤ w. This indicates that the requirements of the Duffin-Eachus theorem [21] p. 285 might be weakened.
